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Abstract
The main result is the classification of finite regular 2-complexes which have a nontrivial finite-
sheeted self-cover. It is shown that a 2-complex K is a member of this class if and only if it may be
decomposed as a collection of annuli and circles in the sense made precise in the paper. Intuitively,
K is recovered by gluing the boundary components of the annuli to the circles via covering maps.
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1. Introduction
The main result in [6] is a classification of those finite regular connected 2-complexes
with the property that all of their finite-sheeted connected covers have total space home-
omorphic to the base space. It turns out that such spaces are of three types. They either
have no nontrivial finite-sheeted cover (i.e., the only finite-sheeted covers are homeomor-
phisms), they are homeomorphic to S1 × S1, or they are homeomorphic to S1 × F , where
F is a finite tree. It is natural to wonder if a similar result holds for finite regular connected
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self-cover. Examples 2.1 and 2.2 in this article and the Wang and Wu result [7] for geo-
metric 3-manifolds with nontrivial self-covers suggest that a classification of such spaces
is possible. These results suggest that regular 2-complexes that have nontrivial self-covers
are some sort of generalized products, e.g., fibre bundles over S1, but this turns out to be an
over-simplification. It was not until we understood Example 2.3 below that we were able to
isolate the ingredients essential to understanding 2-complexes with nontrivial self-covers.
Our main result is given in Theorem 4.2. It states that a finite regular connected 2-
complex nontrivially covers itself if and only if it has a special type of decomposition into
finitely many annuli. Theorem 4.2, which is quite similar to the main result from [6], has
several interesting consequences. Among them are that a finite regular 2-complex with a
nontrivial self-cover is aspherical, its first homology must contain a Z summand, and that a
group isomorphic to the fundamental group of certain of these complexes has a finite-index
subgroup that is isomorphic to Z×F , where F is a finitely generated free group. Note also
that Theorem 4.2 may be used to generate a large class of non-cohopfian groups.
This paper is organized as follows. Section 2 contains terminology, a summary of facts
about 2-complexes with nontrivial self-covers, and several examples, including the highly
instructive Example 2.3. Section 3 contains the description of a combinatorial device, the
doubly edge weighted graph, which simplifies the proof of the main result. Section 4 con-
tains the main result, Theorem 4.2, together with a series of lemmas which contribute to
its proof. Remarks and additional examples are collected in Section 5.
2. Preliminaries and examples
A 2-complex K is regular, see Munkres [3], if for every n-cell E in the cellular decom-
position of K , the attaching map α : ∂E → K(n−1) into the (n − 1)-skeleton K(n−1) is a
homeomorphism onto its image. The boundary of K is the set ∂K of points of K that have
arbitrarily small neighborhoods homeomorphic to the upper half-plane H+ = {(x, y): y 
0}. A point of K is a singular point if it has no neighborhood homeomorphic to R2 or H+.
The set of singular points of K is denoted Σ(K). The set M(K) of nonsingular points of
K is the complement of Σ(K) in K . It consists of the points in K that have arbitrarily
small neighborhoods homeomorphic to R2 or H+.
Since M(K), ∂K , and Σ(K) are defined in terms of local conditions and since
every finite-sheeted covering ϕ :K → K is a local homeomorphism, it follows that
when f :K → K is an ω-fold self-cover, then the restrictions (f |M(K)) :M(K) →
M(K), (f |∂K) : ∂K → ∂K , and (f |Σ(K)) :Σ(K) → Σ(K) are ω-fold self-covers.
When K is a finite regular 2-complex, all of M(K), ∂K , and Σ(K) have finitely many
components. Furthermore, if f :K → K is an ω-fold self cover, then for each component
C of M(K), ∂K , or Σ(K), f−1(C) is a single component of, respectively, M(K), ∂K , or
Σ(K), and the restriction (f |C) :C → f (C) is an ω-fold covering projection of C onto
f (C). A consequence of the preceding collection of facts is that for a finite complex K with
a nontrivial finite-sheeted cover f :K → K , each component of K is finitely self-covered
by f and thus we may restrict our attention to connected complexes in what follows. The
details of the proofs of the preceding are in [6]. It is well known that if K is a finite complex
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a self-cover of order ω, then π1(K) has an index ω subgroup that is isomorphic to π1(K).
Example 2.1. The annulus S1 × I = {(θ, t): θ ∈ [0,2π](mod 2π), t ∈ [0,1]} has nontrivial
n-fold self covers ϕn :S1 × I → S1 × I given by ϕn(θ, t) = (nθ(mod 2π), t) for all n ∈ N .
The Möbius band M = [0,2π] × I/∼ where (0, t) ∼ (2π, t ′) if and only if t ′ = 1 − t has
nontrivial (2n+ 1)-fold self-covers ϕn :M →M given by ϕn(s, t)= ((2n+ 1)s(mod 2π), t)
for all n ∈ N . Also the 2-torus and the Klein bottle have n-fold self-covers for all n ∈ N .
By the Classification Theorem for Compact Connected 2-manifolds, these four complexes
are the only compact connected 2-manifolds with nontrivial self-covers.
Example 2.2. The only finite regular 2-complexes that possess a nontrivial ω-fold cover
for some ω  2 and have the property that all their finite-sheeted covers have total space
homeomorphic to themselves are the 2-torus S1 × S1 and products of the form S1 × F ,
where F is a finite tree. Note that the annulus is one of the second type of product where
F = I . This is the main result in [6].
Example 2.3. The beginning point of this example is the observation in Rolfsen [4] that
the trefoil knot is a fibred knot with periodic monodromy map of period 6 and that its com-
plement X has nontrivial self-covers of order ω for every ω ≡ ±1 (mod 6). This implies
that π1(X) has a proper finite-index subgroup H isomorphic to the whole group such that
[π1(X) :H ] ≡ ±1 (mod 6).
Given the observation of the preceding paragraph, we constructed a 2-complex K with
the same fundamental group as the knot complement X and wondered if such a K has
nontrivial self-covers. Note that there was hope that some 2-complex K of the same ho-
motopy type as X has nontrivial finite-sheeted covers since the fundamental group of such
a K already has finite-index subgroups isomorphic to the whole group. Moreover, starting
with a complex whose fundamental group coincides with that of X, we have the advantage
of knowing the orders of the self-covers that need to be found. We then constructed a sec-
ond 2-complex whose fundamental group differed from that of X but whose structure was
nonetheless akin to that of X. We held similar hopes for this second complex.
The details of the constructions follow. Both complexes are constructed as quotients
of an annulus via identifications along the boundary components of the annulus. Consider
the annulus S1 × I = {(θ, t): θ ∈ [0,2π](mod 2π), t ∈ [0,1]}. In the first case, take two
oriented circles, say S0 and S1, disjoint from the annulus. The 2-complex K1 is formed
by attaching the boundary components S1 × 0 and S1 × 1 to the circles S0 and S1 via
the two attaching maps qi :S1 × i → Si, i = 0,1 given by q0(θ,0) = (2θ(mod 2π),0) and
q1(θ,1)= (3θ(mod 2π),1). See Fig. 1. Note that the complex K1 is a deformation retract of
the trefoil knot complement and is thus aspherical.
In the second case, take a single oriented circle S that is disjoint from the annulus S1 ×I .
The 2-complex K2 is formed by attaching both boundary components of the annulus to the
circle S via the attaching maps q0(θ,0)= 2θ(mod 2π) and q2(θ,1)= 3θ(mod 2π). See Fig. 2.
Applications of van Kampen’s theorem give that π1(K1)= 〈x, y :x2y−3〉 and π1(K2)=
〈x, y :x2yx−3y−1〉. Howie’s result [2] on one-relator fundamental groups gives that K1
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Fig. 2. The complex K2 (one singular circle).
and K2 are aspherical. In particular, K1 is a Kπ1. It follows by the uniqueness of Kπ1’s
that K1 and the knot complement X have the same homotopy type, as hoped.
Fact. The spaces K1 and K2 have ω-fold self-covers for all ω ≡ ±1 (mod 6). Consequently,
both π1(K1) and π1(K2) have subgroups of index ω ≡ ±1 (mod 6) which are isomorphic
to the whole group.
We now describe the self-covers of K1 of order ω ≡ ±1 (mod 6). The self-covers of
K2 are obtained in a similar manner. First, split K1 into two pieces: the Möbius band
M = S1 ×[0, 12 ]/q0 and the locally trivial fibre bundle E = S1 ×[ 12 ,1]/q1. Note that M is
a locally trivial bundle over S1 with fibre F an interval (or, more instructively, F is a 2-od,
i.e., two intervals joined together at a single endpoint) and the degree of q0 is 2. Likewise,
E is a bundle over S1 with a 3-od F as fibre and the degree of the attaching map q1 is 3.
Standard results about bundles over S1 give that E has an n-fold regular self-cover for all
n≡ ±1 (mod 3). In Fig. 3 we illustrate 2-fold and 4-fold self-covers of the bundle E.
It is well known that the Möbius band M has a regular n-fold self-cover for all
n ≡ ±1 (mod 2). It follows that both E and M have a nontrivial self-cover for all
ω ≡ ±1 (mod 6). Fix ω0 ≡ ±1 (mod 6). Let fM :M → M and fE :E → E denote the
regular ω0-fold self-covers of M and E, respectively. One may choose fM and fE such
that for (θ, 12 ) ∈ S1 × 12 = ∂M = ∂E we have fM(θ, 12 )= fE(θ, 12 ). Pasting M and E back
together along S1 × 12 and pasting fM and fE together in the obvious way gives a regular
ω0-fold self-cover f = fM ∪ fE for M ∪E = K1. A 5-fold self-cover of K1 is illustrated
in Fig. 4.
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Fig. 4. A 5-fold self-cover of K1 =M ∪E.
3. Doubly edge weighted graphs and their groups
By a doubly edge weighted graph we mean a finite connected graph Γ which consists
of a set V = V (Γ ) of vertices, a set E = E(Γ ) of oriented edges, incidence maps ι and
τ , and a weight function ε :E → Z× Z. If e ∈ E and ε(e) = (a, b), then a is the weight
on edge e at its initial vertex, ι(e), and b is the weight on edge e at its terminal vertex,
τ(e). We will also use the coordinate functions ε1 and ε2 to denote the respective weights
at initial and terminal vertices of edges. In our context, the weights on an edge e measure
how highly the edge e is attached to its vertices. Note that multiple edges between the same
pair of vertices is allowed and that Γ may have doubly weighted loops attached to a single
vertex. If no confusion arises, e.g., if Γ is a tree, we will also use the notation [ua, vb] to
denote an edge e, where ι(e) = u, τ(e)= v, and ε(e)= (a, b).
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graph. Choose a maximal tree T ⊂ Γ . The group of Γ relative to T is denoted by G =
G(Γ : T ) and has a presentation as follows:
Generators: G has one generator xv for each vertex v ∈ V and G has one generator ye
for each edge e ∈E(Γ )−E(T ).
Relators: For each edge e ∈ T there is a relator of the form xε1(e)u x−ε2(e)v and for each
edge e ∈ E(Γ ) − E(T ) there is a relator of the form xε1(e)u yex−ε2(e)v y−1e . Here, u and v
denote the initial and terminal vertices respectively of the edge e.
This group appears to be dependent on the choice of maximal tree in the construction.
However, either by the algebraic techniques employed by Delgado et al. [1], or because
for a particular doubly edge weighted graph this group is isomorphic to the fundamental
group of a particular 2-complex, the group will be independent of this choice. We denote
the group of a doubly edge weighted graph Γ simply by G(Γ ).
Example 3.1. A pair of doubly edge weighted graphs Γ1 and Γ2 that are associated with
K1 and K2 are shown in Fig. 5. Note that G(Γi)∼= π1(Ki) for i = 1,2.
The association of doubly edge weighted graphs to the complexes K1 and K2 seems a
natural association and we generalize this process. To this end, regard the circle and the
annulus in Fig. 6, with the given orientations, to be standard.
Let A = {A1 = S11 × I, . . . ,Aα = S1α × I } be a collection of standard annuli, let B ={B1, . . . ,Bσ } be a collection of standard circles, and let Φ = {ϕij : i = 1, . . . , α, j = 0,1}
be a collection of covering projections whose domains are the boundary components
{S1i × j : i = 1, . . . , α, j = 0,1} of the annuli in A and whose ranges are the circles in B .
Let K be the regular 2-complex obtained by using the ϕij as attaching maps to glue the
annuli in A to the circles in B . Then K is said to have an annular decomposition and the
collections A, B , and Φ are the data for the decomposition. A doubly edge weighted graph
ΓK may be associated to K as follows. The vertex set V of ΓK contains one vertex v for
each standard circle in B and the edge set E contains one edge e for each standard annulus
Fig. 5. Weighted graphs Γ1 and Γ2 associated with the complexes K1 and K2.
Fig. 6. A standard circle and standard annulus.
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and terminal vertices correspond to the standard circles to which the boundary components
S1i × 0 and S1i × 1 respectively are attached. Thus, a pair of vertices in ΓK is adjacent if
and only if an annulus, used in the construction of K , connects the corresponding circles.
Multiple edges between the same pair of vertices in ΓK is allowed, as multiple annuli may
attach to the same pair of circles. Also, loops are allowed in ΓK , as both boundary compo-
nents of an annulus may attach to the same circle. Lastly, assign weights on the edges of
ΓK to correspond to the (oriented) degrees of the attaching maps. Doubly edge weighted
graphs associated to complexes with annular decompositions serve as a convenient tool
to describe these complexes and their fundamental groups. Recall that the doubly edge
weighted graphs in Example 3.1 completely described the complexes K1 and K2.
4. The annular decomposition theorem and the main result
Our goal is to classify all regular 2-complexes with nontrivial self-covers. The lemmas
which follow lead to such a classification. The Bundle Lemma, the first of the lemmas,
serves as a base step in a recursive process.
Lemma 4.1 (Bundle Lemma). Let A= {A1,A2, . . . ,Aα} be a collection of standard annuli
and let S be a standard circle. For each i = 1,2, . . . , α, let ϕi :S1i × 0 → S be an oriented
degree di covering projection of a boundary component of Ai onto the circle S and let
λ = lcm{|di |: i = 1,2, . . . , α}. Let K be the regular 2-complex obtained by gluing the
annuli in A to S via the maps ϕi . Then K has a self-cover of order ω if and only if ω is
relatively prime to λ. The self-cover corresponding to any such ω is a regular cyclic cover.
Proof. Observe that K is a fibre bundle over S1 with fibre F that is an n0-od, where
n0 =∑αi=1 |di |. The characteristic map of the fibre F is periodic of order λ. It follows that
K has a self-cover of order ω if and only if ω is relatively prime to λ. Furthermore, there
is a strong deformation retract of K to S and thus π1(K) = Z. If follows that all covers of
K are regular cyclic. 
When the degrees of the attaching maps ϕi are all ±1, i.e., the ϕi are homeomorphisms,
it follows that the bundle K is a product. In fact, the bundle K of Lemma 4.1 will be a
product if and only if di = ±1 for all i. When the collection A consists of a single annulus,
K is an annulus if and only if d1 = ±1 and K is a Möbius band if and only if d1 = ±2. We
next use Lemma 4.1 to prove a much stronger result.
Lemma 4.2 (Construction Lemma). Let A = {A1 = S11 × I, . . . ,Aα = S1α × I }, B = {B1,
. . . ,Bσ }, and Φ = {ϕij : i = 1, . . . , α, j = 0,1} be the data for an annular decomposition
of a connected 2-complex K and let λ = lcm(|d(ϕij )|). Then K has a nontrivial regular
cyclic self-cover of degree ω for each ω relatively prime to λ. Furthermore, there is a finite
connected doubly edge weighted graph ΓK such that π1(K) ∼=G(ΓK).
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of K . Let ΓK be the doubly edge weighted graph associated with K . If α = 1, then either
|V | = 1 or |V | = 2. When |V | = 1, ΓK consists of a single doubly edgeweighted loop e.
Let ε(e) = (m,n). Observe that K can be described as the union of two locally trivial
bundles E1 ∪E2, one with a fibre that is an |m|-od, the other with a fibre that is an |n|-od.
We do so by
(1) taking two oriented copies τ0 and τ1 of the standard circle B1 that forms the range of
ϕ1j , j = 0,1, then
(2) splitting the annulus A1 = S1 × I open along the center circle S1 × 12 , and finally
(3) attaching S1 × 0 to τ0 via ϕ10 to obtain E1 and attaching S1 × 1 to τ1 via ϕ11 to
obtain E2.
The original complex K is recovered by attaching E1 to E2 via the identity maps
id : τ0 → τ1 and id : ∂(E1) → ∂(E2). By the Bundle Lemma, E1 has regular cyclic self-
covers of order ω1 for all ω1 relatively prime to |m| and E2 has regular cyclic self-cover of
order ω2 for all ω2 relatively prime to |n|. Thus, E1 and E2 both have ω-fold self-covers for
all ω relatively prime to lcm{|m|, |n|}. Applying homotopies if necessary, we may assume
that the covering maps agree on ∂(E1) and ∂(E2) and that they agree on τ0 and τ1. It fol-
lows that K =E1 ∪E2 has an ω-fold self-cover for all ω relatively prime to lcm{|m|, |n|}.
An application of Van Kampen’s theorem in which K is decomposed by removing a disk
from the open annulus S1 × (0,1) gives that G(ΓK)∼= π1(K) = 〈x, y :xmyx−ny−1〉.
When |V | = 2, ΓK consists of a single edge e with distinct initial and terminal vertices.
Again, let ε(e)= (m,n) and decompose K into two locally trivial bundles by splitting open
the single annulus used in the construction of K along S1 × 12 . As in the preceding case, this
gives that K has nontrivial self-covers of order ω for all ω relatively prime to lcm{|m|, |n|}.
By van Kampen’s theorem, π1(K) = 〈x, y :xmy−n〉. As before, G(ΓK)∼= π1(K).
Now assume that the result holds when |A| = α and suppose we are given an annular
decomposition with α + 1 annuli. Either ΓK contains a cycle or it does not.
Case 1: Assume ΓK contains no cycle. Choose an edge e which has a vertex of degree 1
in ΓK . We may assume that the edge e corresponds to the annulus Aα+1 ∈ A and that the
terminal vertex of e is the vertex of degree 1. Remove e from ΓK to obtain the doubly
edge weighted graph Γ ′ and remove the corresponding annulus from K to obtain the 2-
complex K ′. Let λ′ denote the least common multiple of the absolute values of the degrees
of the attaching maps used to obtain K ′. By the induction hypothesis, K ′ has regular cyclic
self-covers of order ω′ for all ω′ relatively prime to λ′ and π1(K ′) ∼= G(ΓK ′). In order to
obtain K , we reattach Aα+1 = S1α+1 × [0,1] in stages. Let E1 denote the bundle S1α+1 ×
[0, 12 ]/ϕ(α+1)0 and let E2 denote the bundle S1α+1 ×[ 12 ,1]/ϕ(α+1)1. We obtain K by gluing
K ′ ∪E1 to E2 via the identity map on ∂(E1)= ∂(E2).
By the Bundle Lemma, E1 has cyclic self-covers for all degrees relatively prime to
|d(ϕ(α+1)0)|. It follows that K ′ ∪E1 has cyclic self-covers for all degrees relatively prime
to lcm{λ′, |d(ϕ(α+1)0)|}. Likewise, E2 has cyclic self-covers for all degrees relatively prime
to |d(ϕ(α+1)1)|. Hence, both K ′ ∪ E1 and E2 have cyclic self-covers of order ω for every
ω relatively prime to lcm{λ′, |d(ϕ(α+1)0)|, |d(ϕ(α+1)1)|}. We may assume that these self-
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these two copies of S1α+1 × 12 to get that K = K ′ ∪ E1 ∪ E2 has cyclic self-covers of all
orders ω relatively prime to λ.
Furthermore, note that K ′ ∪E1 has the deformation type of K ′ and thus π1(K ′ ∪E1)∼=
π1(K ′) ∼= G(ΓK ′). Likewise, E2 has the deformation type of a circle and thus π1(E2) =
〈z : −〉. Since (K ′ ∪E1)∩E2 = S1α+1 × 12 , van Kampen’s theorem with the decomposition
of K into K ′ ∪E1 and E2 gives that π1(K) = 〈G(ΓK ′), z :xε1(e)ι(e) x−ε2(e)τ (e) 〉. This, however, is
precisely G(ΓK).
Case 2: Assume ΓK contains a cycle. We may assume that the doubly weighted
edge e that corresponds to the annulus Aα+1 = S1α+1 × [0,1] is contained in the cycle.
As in case 1, we remove Aα+1 from K to obtain K ′, to which we apply the induc-
tion hypothesis. Thus K ′ has regular cyclic self-covers for all orders ω′ relatively prime
to λ′, where λ′ is the least common multiple of the absolute values of the oriented de-
grees of the attaching maps used to obtain K ′, and π1(K ′) ∼= G(ΓK ′). Again we think
of rebuilding K by attaching locally trivial bundles E1 = S1α+1 × [0, 12 ]/ϕ(α+1)0 and
E2 = S1α+1 × [ 12 ,1]/ϕ(α+1)1, then gluing the two copies of S1α+1 × 12 together. It again
follows that each of K ′,E1, and E2 has a regular cyclic self-cover of order ω for each
ω relatively prime to lcm{λ′, |d(ϕ(α+1)0)|, |d(ϕ(α+1)1)|} and thus K = K ∪ E1 ∪ E2 has
regular cyclic self-covers of the desired orders as well.
In order to apply van Kampen’s theorem in this case, let D be a small disk in the interior
of Aα+1. Note that K − int(D) has the homotopy type of the complex K ′ ∨ S1 and thus
π1(K− int(D))= 〈G(ΓK ′), ye : −〉. The boundary of D reads the word xε1(e)ι(e) yex−ε2(e)τ (e) y−1e
in π1(K − int(D)). Therefore, π1(K) = 〈G(ΓK ′), ye : xε1(e)ι(e) yex−ε2(e)τ (e) y−1e 〉. It follows that
π1(K) ∼=G(ΓK). 
Remark. In the special case that K is a product S1 × G, where G is a finite graph, the
complex K has cyclic self-covers of all orders, corresponding to cyclic self-covers of S1.
In this special case, the degrees of the gluing maps ϕij in an annular decomposition of K
are all ±1 and the Construction Lemma reaffirms the existence of these covers.
Theorem 4.1 (Annular Decomposition Theorem). If K is a finite regular 2-complex with
a nontrivial self-cover, then K has an annular decomposition and thus has an ω-fold
self-cover for each ω relatively prime to the least common multiple of the degrees of the
attaching maps.
Proof. Proof outline. Another version of the proof of this theorem is in [6], where it is
used to give a classification of those 2-complexes that have a nontrivial finite-sheeted self-
cover and satisfy the stronger condition that all their finite-sheeted covering spaces are
homeomorphic to the base space. However, most of that proof is dependent only on the
existence of a nontrivial self-cover. The one place in [6] where the stronger hypothesis is
utilized occurs when an appeal to the group theory in [5] is made. By utilizing the group
theory, the proof given in [6] has at its disposal the fact that the spaces under consideration
have nontrivial self-covers of even order. Since the Möbius band only has self-covers of odd
order, the spaces of [6] cannot contain any Möbius bands. In the case under consideration
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general method of [6] will only give that 2-complexes with nontrivial self-covers can be
decomposed into a collection of both annuli and Möbius bands. The boundaries of the
Möbius bands are all attached to circles in Σ(K) (provided Σ(K) = ∅) and the boundaries
of the annuli in this collection are either components in ∂K or are attached to circles
in Σ(K). For completeness sake, we give a summary of the essential steps in the proof
in [6].
The Classification Theorem for 2-manifolds implies that when Σ(K) = ∅, K is either
the 2-torus, the Klein bottle, the annulus S1 × I , or the Möbius band. Note that these
surfaces satisfy the conclusion of the theorem. Assume, therefore, that K has nonempty
singular set Σ(K). As observed in Section 2, the set M(K) also has a nontrivial self-
cover and consists of finitely many components C1, . . . ,Cn, each of which is an open 2-
manifold of finite genus (perhaps with a boundary consisting of a disjoint union of finitely
many circles). Let Γ = {C1, . . . ,Cn}. Each Cj has at most finitely many punctures as K is
regular. Thus each Cj is a finite genus surface with finitely many boundary components. It
follows that each Cj has the deformation type of a bouquet of mj circles. Since M(K) has
a nontrivial self-cover, it has Euler characteristic 0. We have that
0 = χ(M(K))= n∑
j=1
χ(Cj )=
n∑
j=1
(1 −mj).
Since mj > 0 for all j , it follows that mj = 1 for all j . Each Cj , therefore, is an open
2-manifold (perhaps with boundary) that has the homotopy type of a circle. By the Clas-
sification Theorem for 2-manifolds, the only such 2-manifolds are the annulus and the
Möbius band. Hence M(K) is a finite disjoint union of annuli (perhaps half-open) and
Möbius bands. The Möbius bands can be further decomposed into annuli by splitting them
open along circles that are generators for their fundamental groups. Let R = R(K) be this
set of circles, remove the Möbius bands from Γ , and add the new annuli that result from
this splitting operation into Γ .
The fact that Σ(K) has self-covers implies that it is a disjoint union of circles. From
the preceding paragraph and since K is a regular CW-complex, K may be regarded as an
adjunction space obtained by attaching closed annuli A1, . . . ,An to Σ(K) ∪R(K) where
each Aj is one of the components Cj ∈ Γ together with its missing boundary circle(s).
The regularity hypothesis implies that these attaching maps are local homeomorphisms
and therefore finite-sheeted covering projections from the appropriate boundary circle(s)
of Aj onto the appropriate circle(s) in Σ(K)∪R(K). This completes the proof. 
We now state the main result.
Theorem 4.2. Let K be a finite regular connected 2-complex. Then K has a nontrivial
finite-sheeted self-cover if and only if K has an annular decomposition.
Proof. If we assume that such a K has a nontrivial finite-sheeted self-cover, then K has
an annular decomposition by Theorem 4.1. The converse follows from the Construction
Lemma (Lemma 4.2). 
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We begin this section by remarking that the proof of the Annular Decomposition The-
orem provides an alternative description of finite regular 2-complexes with nontrivial
self-covers. Such 2-complexes have a decomposition into a finite union of bundles Ei over
S1 whose fibres Fi are di -ods. The exact structure is given in the following observation.
Fact. Suppose that K is a finite regular connected 2-complex that nontrivially covers itself.
Fix a collection of standard circles for K . Let Σ be the collection of singular circles con-
tained in K and R the collection of regular circles in this given standard collection with
neighborhoods homeomorphic to a Möbius band. Let Σ = {S11 , . . . , S1m}, R = {ρ1, . . . , ρn},
and m(ρj ) be the Möbius band about ρj . Then each S1i ∈ Σ has a regular neighborhood
whose closure is homeomorphic to a bundle Ei over S1i with fiber Fi that is a di -od. Fur-
thermore, K is formed by attaching circles in the boundaries of the Ei and the m(ρj ) via
homeomorphisms.
This fact suggests that regular 2-complexes with nontrivial self-covers may be regarded
as Seifert fibred 2-complexes. The base space for the Seifert fibration is simply ΓK . The
regular fibres are the circles which compose the interiors of the annuli in an annular de-
composition for K . The singular fibres are the circles in Σ . For the “degree” of a singular
fibre F ∈Σ one may take an n-tuple (d1, . . . , dn), where the di ’s are the degrees of attach-
ing maps which map onto the singular circle F . It is thus appropriate to claim that regular
2-complexes with nontrivial self-covers are Seifert fibred 2-complexes.
Next, we turn our attention to the groups associated with doubly edge weighted graphs.
When the doubly edge weighted graph Γ is a tree, the group G(Γ ) has a number of inter-
esting properties. We discuss these properties in the following theorem.
Theorem 5.1. Let Γ be a doubly edge weighted tree and let G(Γ ) be the associated group.
Let Gv denote the subgroup of G(Γ ) generated by the vertex v. Then
(a) Z(G(Γ ))=⋂v∈V (Γ ) Gv ∼= Z, and
(b) if |V (Γ )| > 1, there exists a surjective homomorphism φ :G(Γ ) → Z with ker(φ) ∩
Gv = 1 for each vertex v of Γ .
Proof. (a) The Abelian subgroups Gv as v runs over the vertices of Γ generate G(Γ ),
therefore the given intersection lies in the center of G(Γ ). On the other hand, G(Γ ) can
be decomposed as an amalgamated product of the groups Gv , and thus its center must lie
in the intersection of these groups. This proves (a).
(b) We proceed by induction on |V (Γ )|. Suppose |V (Γ )| = 2. Let [up, vq ] denote the
sole edge in Γ . Note that G(Γ )= 〈u,v | up = vq〉. Define φ :G(Γ )→ Z via φ(u)= q
(p,q)
and φ(v) = p
(p,q)
. Then φ is surjective as the integers p
(p,q)
and q
(p,q)
are relatively prime.
Further, ker(φ)∩Gu = 1 = ker(φ)∩Gv .
In the general case, let e = [up, vq ] be an edge of Γ such that the vertex v has de-
gree 1. We may reverse the orientation on an extremal edge, if necessary, to ensure that
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such a vertex exists. Let Γ0 = Γ − {e, v}, a doubly edge weighted tree with group G(Γ0).
By induction, there exists a surjection φ0 :G(Γ0)→ Z such that ker(φ0)∩Gv = 1 for each
vertex v of Γ0. Let r = φ0(u). Let Γ̂ be a doubly edge weighted tree with a single edge
eˆ = [xrp, yq ]. See Fig. 7. We have that G(Γ̂ )= 〈x, y | xrp = yq〉.
Again by induction, there exists a surjection φˆ :G(Γ̂ ) → Z with ker(φˆ) ∩ Gv = 1 for
each vertex v of Γ̂ . Now, define χ :G(Γ )→G(Γ̂ ) as follows:
χ(w)=
{
xφ0(w) if w ∈ V (Γ0),
y if w = v.
First, note that χ is well-defined since χ(upv−q)= xrpy−q = 1. Further, χ is surjective
as it maps onto both generators for G(Γ̂ ). In particular, the surjectivity of φ0 ensures that
x is in the image of χ . The map (φˆ ◦ χ) :G(Γ )→ Z is the desired homomorphism. 
Additional algebraic results may be achieved via covering space arguments. To this
end, let K be a finite regular 2-complex that nontrivially covers itself and assume that
Γ = ΓK , the corresponding doubly edge weighted graph, is a tree. Given a vertex v ∈ Γ ,
we construct a directed tree −→Γ (v) with root v by taking v as the root of the tree Γ and
then orienting each edge of Γ such that the union of the edges in the (unique) path from
v to any degree 1 vertex w is a directed path from v to w. Let e be an oriented edge
in Γ with initial vertex v and terminal vertex w. The weight of w is called an in-weight
and is denoted by I (e). The weight of v is called an out-weight and is denoted by O(e).
Given the directed tree −→Γ (v) with root v, the in-weight of −→Γ (v) is defined to be I (v) =∏{|I (e)|: e is an oriented edge in −→Γ (v)}. The out-weight of −→Γ (v) is defined to be O(v)=∏{|O(e)|: e is an oriented edge in −→Γ (v)}.
Theorem 5.2. Suppose that K is a finite regular connected 2-complex with a nontrivial
self-cover. If Γ = ΓK is a tree, then K has an ω-fold cover by a product p :S1 × F → K
for all ω ≡ 0 (mod λ), where F is a graph and λ is the product of the absolute values
of the weights on the edges of Γ . Furthermore, when ω = λ, each vertex circle S1v in K
is covered by I (v) disjoint S1’s in S1 × F and the restriction of the covering projection
p :S1 × F → K to ⋃I (v)j=1 S1 → S1v is an O(v)-fold cover of S1v . Finally, the doubly edge
weighted graph ΓS1×F is just F with all weights ±1.
Proof. Note that reversing the orientation of an edge in Γ does not change the homeomor-
phism type of the corresponding complex. Likewise, reversing the signs of all the weights
at a vertex of Γ does not change the homeomorphism type of the complex. We may thus
assume without loss of generality that all the weights in Γ are positive. The proof pro-
ceeds by induction on the number of edges in Γ . We begin with the case where the tree Γ
contains only a single edge.
Suppose that K is such that Γ = [ua, vb]. The complex K , therefore, has an annular
decomposition consisting of a single annulus A whose boundary circles are attached to
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circles via maps of degree a and b. Choose a loop S1 in the interior of A which generates
π1(A). By introducing a new vertex w into Γ that corresponds to this S1, we may write
Γ = [ua,w1] + [w1, vb] and split K into the two bundles Ex, x ∈ {a, b}, corresponding
to [ua,w1] and [w1, vb]. See Fig. 8.
Let Ta =∑ai=1[U1,W 1i ] and Tb =∑bj=1[W 1j ,V 1] be the trees with, respectively, a or
b vertices of degree 1 and precisely one vertex of degree not equal to 1. Thus, Ta is an a-od
and Tb is a b-od. The exponents on U , V , and the W ’s will end up being the weights on
the edges in the graph of the covering space we are constructing. By the Bundle Lemma,
the bundle Ea has an a-fold = O(u)-fold cover by S1 × Ta and the bundle Eb has a b-
fold = O(v)-fold cover by S1 × Tb. The lift of the circle corresponding to the vertex u is
the circle S1 ×U corresponding to the vertex U in Ta , the lift of the circle corresponding to
v is the circle S1 ×V corresponding to V in Tb , and the lift of the circles corresponding to
the two copies of w are the multiple circles that correspond to the vertices denoted by Wi
and Wj . Note that ΓS1×Tx = Tx , for x ∈ {a, b}. Note also that each of the circles denoted
by a Wi or a Wj is mapped homeomorphically onto the vertex circle S1w ⊂Ex, x ∈ {a, b},
by the covering projections S1 × Tx →Ex .
We may now build the Abelian ω = ab-fold cover of K as follows. Take b pairwise
disjoint copies of S1 × Ta = S1 × (∑ai=1[U1,W 1i ]) and take a pairwise disjoint copies
of S1 × Tb = S1 × (∑bj=1[W 1j ,V 1]). Note that ⋃bj=1 S1j × Ta and ⋃ai=1 S1i × Tb contain
the same number, namely ab, of copies of the lift of the circle corresponding to vertex w.
After homotopy, if necessary, we may assume that for each i, j the projections from the
circles S1j ×W 1i and S1i ×W 1j to the vertex circle S1w are the same function. We obtain the
connected ab-fold Abelian cover of K that is the desired product S1 ×F by gluing S1j ×W 1i
to S1i × W 1j . The fiber of this product is the graph F =
∑b
j=1
∑a
i=1[Uj ,Vi] where each
Uj corresponds to S1j ×U and each Vi corresponds to S1i × V . The weights on each edge
[Uj ,Vi] are both +1. As the product S1 × F has k-fold self-covers for all k, the base case
for the induction is proved.
Now assume that the result is true when the tree ΓK contains n edges. Suppose that
Γ = ΓK contains n + 1 edges. Choose a vertex v of degree 1 in Γ . Let [ua, vb] be the
edge in Γ that terminates at v. Let K ′ be the 2-complex obtained by deleting the half-
open annulus that corresponds to [ua, vb]. It is a 2-complex with a nontrivial self-cover
and the doubly edge weighted graph that corresponds to K ′ is Γ ′ = ΓK ′ . The tree Γ ′
contains n edges and thus the induction hypothesis applies. Therefore, K ′ has an ω-fold
cover by a product for each ω ≡ 0 (mod λ′) where λ′ is the product of the absolute values
of the weights in Γ ′. Let us consider the λ′-fold cover p′ :S1 ×F ′ →K ′. The complex K ′
contains IΓ ′(u) lifts of the vertex circle S1u ⊂ K ′ and p′ restricted to each of these lifts is
an OΓ ′(u)-fold cover of the vertex circle S1u .
Let the subspace of K corresponding to the edge e = [u,v] be denoted by Ke . Its doubly
edge weighted graph is [ua, vb], where again we may assume a and b are positive. As in
the base step for the induction, Ke has an ab-fold cover pe :S1 × Fe → Ke by a product
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each of these S1’s is an a-fold regular cyclic cover of S1u .
Observe that we at present do not have agreement between the degrees of the restriction
of the covering projection p′ to the lifts of the vertex circle S1u in S1 ×F ′ with the degrees
of the restrictions of the covering projection pe to the lifts of S1u in S1 × Fe. We need this
in order to be able to glue copies of these two spaces together along these lifts. However,
this is easy to obtain since the two covering spaces in question are products.
Take the composition of the regular cyclic a-fold self-cover fa :S1 ×F ′ → S1 ×F ′ with
p′ to obtain an Abelian (a ·OΓ ′(u))-fold =OΓ (u)-fold cover P ′ = p′ ◦fa :S1 ×F ′ →K ′.
Observe that this map is a regular cyclic cover of the vertex circle S1u that has the desired
degree when restricted to any particular lift of S1u . Next, take the composition of the regular
cyclic OΓ ′(u)-fold self-cover fOΓ ′ (u) :S
1 × Fe → S1 × Fe with pe to obtain the Abelian
(a · OΓ ′(u))-fold = OΓ (u)-fold cover pe ◦ fOΓ ′ (u) :S1 × Fe → Ke . Again note that the
restriction of this map to any component circle of the lift of S1u has the desired degree.
Take b copies P ′i :S1i × F ′ → K ′, 1 i  b, of the cover (S1 × F ′,P ′). Observe that
each copy of this covering space contains IΓ ′(u) lifts of the vertex circle S1u . Thus, the b
copies of this space contain b · IΓ ′(u)= IΓ (u) lifts of S1u . Denote this collection of lifts of
S1u by {Uij } where 1 i  b, 1 j  IΓ ′(u) and U ′ij ⊂ S1i × F ′.
Take IΓ ′(u) copies Pei :S1i ×Fe →Ke, 1 i  IΓ ′(u), of (S1 ×Fe,Pe). Observe that
each copy of this covering space contains b lifts of the vertex circle S1u . Again, the entire
collection of copies of the covering space contains b · IΓ ′(u) = IΓ (u) lifts of S1u . Denote
this collection of lifts by {Uij } where 1 i  IΓ ′(u), 1 j  b, and Uij ⊂ S1i × Fe.
Now attach U ′ij to Uji via a homeomorphism that is such that P ′i and Pei agree on U ′ij =
Uji . Then, by using the P ′i and the Pi on the copies of their domains that are contained
in the resulting space we obtain an (abλ′)-fold = λ-fold covering space of K that has the
properties indicated in the statement of the theorem. 
Corollary 5.1. If a group G is isomorphic to the fundamental group of a finite regular
2-complex K that has a nontrivial self-cover and ΓK is a tree, then G has a finite-index
subgroup isomorphic to Z × F , where F is a finitely generated free group. Thus, such
a group necessarily has a finite-index subgroup with nontrivial center.
Proof. By the previous theorem, such a G has a finite index subgroup isomorphic to the
fundamental group of S1 ×X, where X is a finite connected 1-complex. However, such an
X has the homotopy type of a bouquet of circles. 
Using Theorem 5.1, it can be shown, in fact, that any group G as above has a normal
subgroup N isomorphic to Z× F such that G/N is a finite cyclic group and N ∩ Gv =
Z(G) for each vertex v ∈ V (ΓK). (Let φ be the homomorphism promised by Theorem 5.1
and set N = Z(G)ker(φ).)
The condition in Theorem 5.2 that ΓK be a tree is necessary. For example, consider
the 2-complex K obtained as follows. Begin with one annulus A = S1 × [0,1]. Orient
both boundary components in the same direction. Take another oriented S1v that is disjoint
from A. Glue S1 × 0 to S1v via a degree 1 homeomorphism and glue S1 × 1 to S1v via
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graph ΓK = [v1, v2]. Then K fails to have a finite-sheeted cover by a product for com-
binatorial reasons. Specifically, assume that K is finitely covered by a product P and let
f :P →K be a covering projection. Observe that points in the singular circle∑(K) = S1v
have neighborhoods that look like a book with three pages. In fact, S1v has a neighborhood
N = N(S1v ) that is the union of an annulus A = S1∗ × [0,1] and a Möbius band M , where
S1∗ × 0 is glued to the center circle of the Möbius band via a homeomorphism. Since K is
covered by a product, it follows that N(S1v ) is covered by a product as well. However, the
only product that covers N is S1 × T , where T is homeomorphic to the letter “T ”. Thus
f−1(N) is a disjoint union of copies of S1 × T . Each copy of f−1(∂M) consists of two
circles and each of these circles must be attached to a circle in f−1(S1∗ × 1). This is not
possible if P is a finite-sheeted cover, since there are twice as many circles in f−1(∂M) as
there are in f−1(S1∗ × 1).
Observe, however, that the above can be modified to produce an infinite cyclic cover
of K that is a product S1 × F , where F is an infinite tree in which each vertex has de-
gree 3. Therefore, it may be said that K is not finitely covered by a product but is infinitely
covered by a product. Indeed, the same statement applies to any 2-complex K whose dou-
bly edge weighted graph is a single loop ΓK = [vp, vq ] with p and q relatively prime
and max(p, q)  2. The 2-complexes described by Theorem 5.2 and by the observation
above are all aspherical, as they are covered by products. Our next corollary shows that
asphericity holds in general for 2-complexes with nontrivial finite-sheeted self-covers.
Corollary 5.2. If K is a finite regular 2-complex with a nontrivial finite-sheeted self-cover,
then K is aspherical.
Proof. By the Annular Decomposition Theorem, K has an annular decomposition. The
proof of the corollary is by induction on the number α of annuli in the decomposi-
tion. If α = 1, then K has the homotopy type of a 2-complex with standard presentation
〈x, y :xpy−q〉 or 〈x, y :xpyx−qy−1〉, depending on whether the single annulus attaches
to distinct circles or to the same circle. In either case, the relator word is not a proper
power in the free group on two generators and thus K is aspherical [2, Corollary 5.4], as
desired. Suppose, then, that the annular decomposition of K involves α + 1 annuli. Let
A = S1 × [0,1] denote one of these annuli. Then A either separates K or it does not.
Suppose first that A does indeed separate K . Then K may be written as K = K1 ∪ K2,
where K1 and K2 are connected subcomplexes of K whose intersection K1 ∩ K2 is pre-
cisely the middle third, S1 × [ 13 , 23 ], of the annulus A. Note that K1 and K2 both retract to
2-complexes which are aspherical by the induction hypothesis. The intersection K1 ∩ K2
retracts to a circle and is therefore aspherical as well. By [1, Theorem 4.6], the generator for
π1(K1 ∩K2) is nontrivial in both π1(K1) and π1(K2), which are necessarily torsion-free,
as K1 and K2 are finite aspherical complexes. Thus, π1(K1 ∩K2) injects into both π1(K1)
and π1(K2). An asphericity result of Whitehead [8, Corollary, Theorem 5] gives that K
itself is aspherical. On the other hand, if A does not separate K , then K may be written
K =K1 ∪K2, where K1 =K \ [S1 × ( 12 − ε, 12 + ε)] for sufficiently small ε and K2 is the
middle third of the annulus A. In this case, K1 retracts to a complex which is aspherical
by the induction hypothesis, K2 retracts to a circle, and the intersection K1 ∩K2 consists
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for each component of the intersection injects into both π1(K1) and π1(K2) and thus K is
aspherical by [8]. This completes the proof of the corollary. 
The proof of Corollary 5.3 below is left to the reader. As above, one may induct on the
number of annuli in an annular decomposition of K .
Corollary 5.3. If K is a finite regular 2-complex with a nontrivial finite-sheeted self-cover,
then H1(K) has a Z-summand.
We conclude with two examples which illustrate that the hypotheses in the main result
are indeed necessary.
Example 5.1. This example shows that the finiteness condition on the 2-complexes is
necessary. Unlike the complexes that are the focus of this paper, the complex K in this
example is such that (1) K has nontrivial, indeed infinitely-generated, π2 and (2) any CW-
decomposition of K must have infinitely many vertices. To obtain K , replace each of the
middle-thirds deleted from the unit interval [0,1] in the construction of the Cantor set by a
sphere whose diameter is the same as the length of the deleted interval. Finally, attach an
extra 2-sphere that connects the endpoints 0 and 1 of the Cantor set. See Fig. 9 for an in-
termediate stage in the construction. The complex K itself consists of a chain of infinitely
many 2-spheres.
The precise description of K given below allows for a nice recursive definition of the
n-fold self-covers of K .
Step 1. Coordinatize R3 with the (nonstandard) cylindrical coordinates {(r, θ, y)}, where
for each point P ∈R3, r is the distance from P to the y-axis, θ is the angle in the xz-plane
measured clockwise from the positive x-axis, and y is the standard y-coordinate of P .
Step 2. We introduce some notation. For an ordered pair (p, q) of values on the y-axis
with p < q , let Σn(p,q) denote a suspension over a circle of diameter 13n , the points p and
q serving as the suspension points. The suspended circle is to be parallel to the xz-plane
and centered at (0,0, p+q2 ). Observe that each Σn(p,q) is homeomorphic to a sphere. The
Fig. 9. Constructing a nonfinite, regular 2-complex with nontrivial self-covers.
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value |p − q| will be called the length of the sphere Σn(p,q).
Step 3. We build the infinite regular 2-complex K in R3. Begin with the interval
[0,2] = {(0,0, y): 0 y  2} on the y-axis (in our nonstandard cylindrical coordinates).
The 0-cells of K are precisely the endpoints of the deleted middle-thirds in the con-
struction of the Cantor set C. Points p and q will be called consecutive rational points
in C if there are i, j ∈ N such that p = i3j , q = i+13j , and (p, q) ∩ C = ∅. That is,
the consecutive rational points in C are the endpoints of the deleted middle-thirds. Let
χ = {(p, q): p,q are consecutive rationals in C}. Let K = Σ0(1,2)⋃(p,q)∈χ Σj (p,q).
Observe that for each pair ( i3j ,
i+1
3j ) of consecutive rationals in C the 2-sphere Σj(
i
3j ,
i+1
3j )
has height and length 13j .
Now for each pair (p, q) of consecutive rationals in C there will be two 1-cells in K
and two 2-cells in K . The dimension of the cells is denoted by the superscript. The 1- and
2-cells are:
e1n,0(p, q)=
{
(r,0, y): (r,0, y) ∈Σn(p,q) and r  0
}
,
e1n,π (p, q)=
{
(r,π, y): (r,π, y) ∈Σn(p,q) and r  0
}
, and
e2n,+(p, q)=
{
(r, θ, y): (r, θ, y) ∈Σn(p,q), 0 θ  π and r  0
}
,
e2n,−(p, q)=
{
(r, θ, y): (r, θ, y) ∈Σn(p,q), π  θ  2π and r  0
}
.
The attaching maps are the obvious identity maps. They identify points in the boundary of
a higher dimensional cell with the copy of itself that is contained in the cell of 1 dimension
less. Finally we obtain K by identifying the endpoints 0 and 2 of the interval [0,2].
Step 4. We now define the n-fold self-covers fn :K →K recursively:
f1(r, θ, y) = (r, θ, y) (the identity map),
f2(r, θ, y) =
{
f1(r, θ, y) if 1 y  2,
(3r, θ,3y (mod 2)) if 0 y  1,
f3(r, θ, y) =
{
f2(r, θ, y) if 13  y  2,
(9r, θ,9y (mod 2)) if 0 y  13 ,
and in general,
fn(r, θ, y) =
{
fn−1(r, θ, y) if 13n−2  y  2,
(3n−1r, θ,3n−1y (mod 2)) if 0 y  13n−2 .
Example 5.2. In this example we construct a finite, irregular 2-complex K with nontrivial
self-covers. The space K is formed by attaching one boundary component of an annulus
to another circle via a map that fails to be locally one-to-one at infinitely many points. The
construction of K and the definition of the self-covers are similar to those in Example 5.1.
The complex K is again constructed by replacing the middle-thirds in the construction of
a Cantor set by copies of the appropriate object, in this case a polygonal arc in the shape
of the letter “Z”. Fig. 10 illustrates the main idea in the construction of K .
Step 1. We begin with the region [−1,1] × [0,1] × [0,1] and select a subspace
that is homeomorphic to the letter “Z” crossed with an interval I . In the xy-plane
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form the letter “Z” as the union of three arcs: Z = {(0,0,0) + t ( 23 , 23 ,0): t ∈ [0,1]} ∪
{( 23 , 23 ,0)+ s(− 43 ,− 13 ,0): s ∈ [0,1]}∪{(− 23 , 13 ,0)+ r( 23 , 23 ,0): r ∈ [0,1]}. Then Z× I ={(x, y, z): (x, y,0) ∈ Z and z ∈ [0,1]}.
Step 2. We now construct an infinite number of copies of Z × I .
(i) Let Zn be the copy of Z obtained by shrinking the length and width by a factor of 13n .
That is, let Zn = {( 13n x, 13n y,0): (x, y,0) ∈ Z}. Note Zn × I = {(x, y, z): (x, y,0) ∈
Zn and z ∈ [0,1]}.
(ii) For an ordered pair (p, q) of values on the y-axis with p < q and |p − q| = 13n we
let ζn(p, q)= (0,p,0)+Zn × I . Observe that ζn(p, q) is just a parallel translate of a
copy of Zn × I into a cube whose base covers the interval from (0,p,0) to (0, q,0)
on the y-axis. Further, ζn(p, q) has height 1 and length and width 13n .
Step 3. As in Example 5.1, step 3, we let χ denote the set of ordered pairs of consecutive
rationals in the Cantor set in the closed interval 0 × [0,1] × 0 on the y-axis in R3. Let I
denote the set of irrational points of this Cantor set.
(i) We obtain a badly embedded rectangle L sitting in R3:
L= ζ0(1,2)
⋃
(p,q)∈χ
ζn(p, q)
⋃
i∈I
0 × i × [0,1].
(ii) We obtain an annulus A by identifying the left and right edges of L, namely A =
L/(mod 2).
(iii) Finally, we obtain K by attaching the lower edge of the annulus A to the circle S1 =
0 × [0,2] × 0/(mod 2) via the natural folding map.
K has a number of interesting properties. First, the map attaching the bottom edge of
A to the circle fails to be a local homeomorphism at the points in the Cantor set and at
the points of countably many arcs. For example, the portion of the bottom edge of A that
is contained in [−1,1] × [1,2] × 0 is mapped to the line segment 0 × [1,2] × 0 in such
a way that the map is one-to-one on the inverse image of 0 × [1, 43 ) × 0 ∪ 0 × ( 53 ,2] × 0
and is 3-to-1 on the inverse image of 0 × ( 43 , 53 ) × 0. Thus, the singular set of K , that is
the set of points at which K fails to be a manifold, again has infinitely many components.
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the annulus into 2-cells. Furthermore, K has covers of all orders. All covers of K are
necessarily self-covers since K has the homotopy type of a circle.
Step 4. Again, as in Example 5.1, we define n-fold self-covers fn :K →K recursively:
f1(x, y, z) = (x, y, z) (the identity map),
f2(x, y, z) =
{
f1(x, y, z) if 1 y  2,
(x,3y (mod 2), z) if 0 y  1,
f3(x, y, z) =
{
f2(x, y, z) if 13  y  2,
(x,9y (mod 2), z) if 0 y  13 ,
and in general,
fn(x, y, z) =
{
fn−1(x, y, z) if 13n−2  y  2,
(x,3n−1y (mod 2), z) if 0 y  13n−2 .
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